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= HW #4 (221b)
1)

a) Seth=m=a=1.

1 1+ 2L B Singk]
so[k_, ¥_1:=——Log[—— :
21 1+ 2L EkSink]
45 2
oo[k_, v_1:= el Sin[ép [k, ¥]]

(y=100): Largey emulateshardspherescatteringexceptat resonancesThe graphbelow essentiallymatcheghatof the
hardsphererosssection£ sir’ ka; in particular,co — 47 ask - 0.

Pl ot [op [k, 100], {k, O, 10}, PlotRange - {0, 15}]
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Whenwe zoomin (y=100still), we seethe expectedesonanceatka ~ nx, correspondingo the almost-boundstates
insidetheshell.

Pl ot [op [k, 100], {k, 2, 10}, PlotRange - {0, 2}]
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(y=10): Formiddling v, theresonanceareshiftedtowardssmallerk valuesaccordingto equation(lll.54) of thelecture
notes. The peakesarehigherandwider thanthey=100resonancebecaus®f theincreasedvidthI'. (Seeequationlll.63,
which s valid for polescloseto therealaxis.)
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Pl ot [op [k, 10], {k, 2, 10}, PlotRange -» {0, 2}]
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(y=1): Forsmally, we can’tdistinguishtheresonancefom the oscillatorybackground.By 111.52, smally meansgpolesfar
from the real axis, so the disappearancef the resonancesonfirmsthatthe particledoesn't'feel’ polesfar from its real
momentum.

Pl ot [op [k, 11, {k, 2, 10}, PlotRange - {0, .5}]
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b) Lecturenotes'ScatteringTheorylIl.’

¢) The wavefunctionsare derivedin the lecturenoteslll. Following the conventionsthere but settingz=m=a=1,
K=ko—ik, E=Eg—il/2=Ky?/2—ikok + O(x?). | choosethe approximatevalueof k at the secondresonancand
leavey arbitraryfor now.
2 2 2 7\2
Ey =k0%; T =2k0x; kO = ;K=( );

- -
1+ﬁ 4y

Thewavefunctiondefinedpiecewiseon theintervalsr=(0,1),r=(1,0), is

rR[r_, t_1:=
1f[r<1, Sin[(kO-1x)r]E'BUETY2 Sin[(k0-1x)] E *O-lx (-1 gl Bt grt/zy,

Doubleclick onthegraphto watchthe animation(y=5):

Do[Pl ot [Abs[rR[r, i11%2/. {¥=5, t »2i}, {r, 0, 20}, PI ot Range -» {0, 2}], {i, 0, 20}]
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We canshowanalyticallythat the decreasen probability intside the shellis equalto the probability flux flowing out
throughthe shell. Withp = |y |?, | = % (Y* v — V™), we wantto showf% dV+fj-da: 0. In particular,we

integrate% overthevolumeinsider < aintegratej overthesphereatr = a. Forthe | integral,we canusethe expressiorior
thewavefunctionjustinsideor just outsider = a. The problemasksthatwe usethelatter.

Usingtheabovewavefunctiorwith all constantsestored,

% = L p=L (cosh2kr - cos2kor) eV,

sothat

do — a do 2 — —2x@ (sinh2ka _ sin2kpa\ 5Tt/
dtdv‘fo o Anre= = ( 2% 2k )e :

A similar computatiorfor j usingther > awavefunctiongives
1= % (ikf+ik*fp = ﬂz—kr% riz (cosh2kr — cos2ky r)e v,
and
jr‘:a jda=4ra? = 2_”;2& (cosh2ka— cos2 ko a) e TV,

inqi _ 21°%g
Pluggingin I' = ==—2%,

J% dv+[jda=0

—

412 ko k ( sinh2xa sin2ko &\ o—T't/h 2nhky ~Tt/h _
e Bl Jetvh + 21 (cosh2ka— cos2kya)e ™ = 0
—
sinh2xa—%sin2koa:cosh2/<a— cos2kp a.

To demonstrat¢his last equality,we mustusethe conditionwe developedvhenfinding this solutionto the Schrodinger

equation,i.e. the condition from matchingthe discontinuityin derivativesat r = a with the deltafunction singularity.

Equivalently,this is the conditionfor havinga pole in the scatteringamplitude: ebika = 1 —pj ok Pluggingin

2my
k = ko — 1« ,therealandimaginarypartsof this equatiorread
ka = —ﬂ Kagj — _hz_ko_
e acos2kga= 1 T and €**3sin2kgya s

Pluggingtheseexpressionfto our condition
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sinh2xa—%sin2ko a=cosh2ka— cos2kg a

gives

sinh2ka + 2% e2ka= coshi2ka— (1 -125) g2«a
my my

or

sinh2ka =cosh2ka — e2¢a,

which doesin facthold.



